Introduction
Insights into fluid wakes are crucial for predicting the vibration responses and understanding the underlying physics of flows past cylindrical bluff bodies. Wake patterns exhibit distinctive features in the cases of single versus multiple bodies placed in flows. Recent reviews on wakes behind cylindrical structures can be found in Zdravkovich (1997) , Williamson and Govardhan (2004) , Sumner (2010) , and Zhou and Alam (2016) . In comparison with the wakes behind an isolated stationary/vibrating cylinder or multiple stationary cylinders, the wakes trailing the multiple vibrating cylinders are much less understood. In the present paper, we aim to explore the wake patterns of flows past two freely vibrating circular cylinders in a side-by-side arrangement by focusing on the two fundamental effects of center-to-center spacing ratio and reduced velocity. 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 For flows past two circular cylinders, the interference between the cylinders may be classified into proximity interference, wake interference, and a combination of both (Zdravkovich, 1977) , according to the spacing between the cylinders and the orientation relative to the free stream. The proximity interference occurs when two staggered, or side-by-side, cylinders are close enough, or when the tandem downstream cylinder is entirely embraced by the shear layers separated from the upstream cylinder. The wake interference occurs when the two tandem cylinders are relatively far from each other, such that the fully developed vortices shed from the upstream cylinder are present in the gap between the two cylinders. This feature also exists in the staggered arrangement with a small transverse spacing and a large streamwise spacing. The combined interference case can be found in an overlapping region between the proximity and wake interferences.
In the side-by-side arrangement, three flow regimes are found at different normalized spacing ratios (s/D) (Sumner, 2010) . When the spacing ratio is small (s/D ≤ 1.1-1.2), the gap flow between the cylinders is rather weak without a vortex-shedding. Because vortices are only alternately shed from the free-stream sides of the two cylinders (Sumner et al., 1999) , this is named as a single bluffbody flow regime. When the spacing becomes large (s/D ≥ 2.2-2.5), a synchronized vortex shedding occurs. Parallel vortex streets shed from the cylinders are in-or anti-phase synchronized, depending on s/D and the Reynolds number (Re) (Bearman and Wadcock, 1973; Williamson, 1985) . At an intermediate spacing (1.1-1.2 < s/D < 2.2-2.5), the gap flow is biased stably or alternately to one of the cylinders, leading to a narrow-wide wake pattern. The cylinder with the narrow wake, compared to its counterpart, has a higher vortex-shedding frequency and a larger drag force (Bearman and Wadcock, 1973; Kim and Durbin, 1988) . The alternately biased gap flow is also named as the flipflopping flow (Bearman and Wadcock, 1973) in which the gap flow changes its direction occasionally and randomly. The flip-over time interval of the gap flow is closely related to s/D and Re (Kim and Durbin,1988) , from several orders of the magnitude greater than the vortex shedding period in turbulent flows to a few vortex shedding periods in laminar flows. Particularly, in low-Re cases, several well-defined wake patterns, such as the anti-phase, in-phase, flip-flopping, deflected, single bluff-body and steady patterns have been reported (Kang, 2003; Liu et al., 2007; Supradeepan and Roy, 2014) .
Freely or forced vibrating cylinders further intensify the vortex shedding, thus leading to a more complicated wake pattern compared to the stationary cases. To the best of the authors' knowledge, a refined and comprehensive overview of the wake patterns has not yet been achieved. Xu et al. (2008) found that vibrations of the two cylinders (Re = 200, 1.2 ≤ s/D ≤ 3.2) significantly affect the wake patterns, and a synchronized state can be achieved only when the amplitude is sufficiently large. Cui et al. (2014) observed from numerical simulations with two side-by-side elastically coupled cylinders (Re = 5000, s/D = 3.0) that, when the amplitude is small, the interaction between the cylinders is weak, and the wake pattern exhibits a dual-2S mode. Liu et al. (2001) confirmed the critical s/D = 3.0 (Re = 200); for a larger s/D, the neighboring cylinder does not show a noteworthy effect on the vibration response. This spacing is also a critical value for the anti-phase 61  62  63  64  65  66  67  68  69  70  71  72  73  74  75  76  77  78  79  80  81  82  83  84  85  86  87  88  89  90  91  92  93  94  95  96  97  98  99  100  101  102  103  104  105  106  107  108  109  110  111  112  113  114  115  116  117  118  119  120 wake. Recently, Chen et al. (2015a) summarized six distinctive wake patterns (Re = 100, 2.0 ≤ s/D ≤ 5.0) including the irregular, in-phase and out-of-phase flip-flopping, in-phase and anti-phase synchronized, and biased anti-phase synchronized patterns. Chen et al. (2015b) further studied the hybrid wake pattern in the vortex-induced vibration (VIV) of two side-by-side cylinders (Re = 80-150, 2.0 ≤ s/D ≤ 5.0).
In this paper, we characterize and present the wake patterns of two freely vibrating side-byside circular cylinders, aiming to provide a comprehensive overview of the wake patterns in the reduced velocity-cylinder spacing (Ur, s/D) map within a large parametric range, and to identify the refined boundaries of flow regimes by employing small parametric increments. The remaining paper is organized as follows. In Section 2, a numerical methodology and validation cases are presented.
Features of wake patterns, hydrodynamic drag/lift forces, and cylinder vibrations are investigated and discussed in Section 3. Key conclusions of new findings are summarized in Section 4.
Numerical Methodology

Fluid-structure interaction model
The equations governing the fluid flows are the incompressible Navier-Stokes and continuity equations. The two-step predictor-corrector procedure is adopted for decoupling these equations.
The resultant pressure Poisson equation is solved by using the BiCGSTAB scheme and the geometric multi-grid method. The second-order Adams-Bashforth time marching scheme is employed to calculate a new velocity field.
The dynamics of the two elastically-mounted cylinders is simplified as a linear mass-damperspring system. The equations of cylinder motions are based on the Newton's second law, which are solved by applying a standard Newmark-β method with a second-order temporal accuracy.
The fluid-structure interaction (FSI) is simulated by using the Immersed Boundary (IB) method which was first introduced by Peskin (1972) in simulating blood flows around a flexible leaflet of a human heart. In the IB framework, the flow governing equations are discretized on a fixed Cartesian grid which generally does not conform to the geometry of the moving solids. As a result, the boundary conditions on the fluid-cylinder interface, manifesting the interaction between the flow and the structure, cannot be imposed directly. Instead, an extra body force is added to the momentum equation by using the interpolation and distribution functions to take such FSI into account.
Compared with the conventional numerical methods, the IB method has some key advantages, particularly in FSI simulations with topological changes. Another merit of the IB method lies in its parameterized and fast implementation for a large number of simulations with different geometric configurations, in comparison with conventional methods using the body-conformal grids. For the sake of conciseness, details of the methodology can be referred to our previous works (Ji et al., 2012; Chen et al., 2015a) to attain further information.
In two-dimensional simulations, the streamwise and transverse lengths of the computational Figure 1 . To improve the accuracy of numerical results, a rectangular region of 4D×10D, covering potential motions of the two cylinders, is discretized using a uniform mesh with a non-dimensional grid spacing of Δx/D = Δy/D = 1/64 in both streamwise and transverse directions. Outside this region, a stretched mesh is adopted to keep the total grid number within an affordable range. As for the boundary conditions, a Dirichlet type is adopted at the inflow boundary whereas a Neumann type is employed at the outflow boundary. The top and bottom walls are set as the free-slip boundaries. As for the simulation parameters, the center-to-center spacing ratio range is 2.0 ≤ s/D ≤ 5.0, the reduced velocity range is 0 ≤ Ur = U∞/fnD ≤ 30, the Reynolds number is Re = U∞D/ν = 100, the mass ratio is m * = 4m/ D 2 = 2.0, and the structural damping ratio is set to be zero for the purpose of exciting largest vibration amplitudes. U∞ is the unaffected free-stream velocity, ν the fluid kinematic viscosity, the fluid density, m the cylinder mass, and fn the cylinder natural frequency.
Both cylinders can only vibrate in the transverse direction. In-line motion will be accounted for in future studies.
Model validation
VIV of an isolated circular cylinder is used as a benchmark case to validate the present numerical method. The isolated cylinder with m * = 10 freely oscillates in both cross-flow and inline directions. Re is 100, Ur is 6.0, and the computational domain is [-25D, 25 .5D] × [-10D, 10D].
The same parameters were applied in numerical simulations of Prasanth and Mittal (2008) . Table 1 shows that the present numerical results agree quite well with those of Prasanth and Mittal (2008) , with the maximum difference being less than 2%. This highlights a high accuracy and fidelity of the present IB method. More validation cases can be found in our previous works (Chen et al., 2015a; 2015b; 2018) . The adopted non-dimensional grid spacing is checked in the case of VIV of two side-by-side cylinders with Re = 100, m * = 2.0, s/D = 3.0, and Ur = 5.0. Table 2 (Δy/D) = 1/64 is grid-independent. It is worth noting that such mesh configuration was also applied in our previous studies (Chen et al., 2015a; 2015b; 2018) , demonstrating an acceptable accuracy. Table 3 based on subsequent parametric investigations.   241  242  243  244  245  246  247  248  249  250  251  252  253  254  255  256  257  258  259  260  261  262  263  264  265  266  267  268  269  270  271  272  273  274  275  276  277  278  279  280  281  282  283  284  285  286  287  288  289  290  291  292  293  294  295  296  297  298 299 300 s/D > 3.5, 0 < Ur < 30 except for 2.7-3.3 < Ur < 3.5-3.8.
In-phase synchronized IS Cylinder vibrations are sinusoidal. Vortex coalescence exists such that a single vortex street appears in the wake.
Ur < 3.1, 2.3 < s/D < 3.5; 4.6 < Ur < 7.9, 2.3 < s/D < 3.5; Ur > 8.1, s/D < 2.6.
Biased anti-phase synchronized BAS A gap flow stably deflects to one of the cylinders, leading to a narrowwide wake pattern. The cylinder with the narrower wake has greater vibration amplitudes, drag and lift forces.
3.9-4.0 < Ur < 4.5-4.8, 2.3 < s/D < 2.5.
In-phase flipflopping IFF Cylinder vibrations are chaotic with small amplitudes. A long-short wake, together with the asymmetric vortex amalgamations, flips over after several vortex-shedding periods. Envelopes of drag/lift forces and cylinder displacements are in-phase.
Ur < 2.7-2.9, 2.0 < s/D < 2.3; Ur ≈ 3.0, 2.5 < s/D < 3.5.
Out-of-phase flipflopping OFF Cylinder vibrations are quasi-periodic with large amplitudes. Symmetric vortex topology with slight differences in shape and size. Envelopes of drag/lift forces and cylinder displacements are out-of-phase. In summary, AS pattern occupies the top portion (s/D > 3.5) with an exception at 2.7-3.3 < Ur 342  343  344  345  346  347  348  349  350  351  352  353  354  355  356  357  358  359  360  361  362  363  364  365  366  367  368  369  370  371  372  373  374  375  376  377  378  379  380  381  382  383  384  385  386  387  388  389  390  391  392  393  394  395  396  397  398  399  400  401 coexistence of the two adjacent patterns and the transitions: these make the boundaries very difficult to be clearly defined. Further, two hysteresis regions, i.e. BAS/IS and IS/AS, are identified in which the wake undergoes BAS (IS) and IS (AS) patterns when increasing (decreasing) Ur. 
In-phase synchronized pattern
This pattern is displayed in Figure 4 402  403  404  405  406  407  408  409  410  411  412  413  414  415  416  417  418  419  420  421  422  423  424  425  426  427  428  429  430  431  432  433  434  435  436  437  438  439  440  441  442  443  444  445  446  447  448  449  450  451  452  453  454  455  456  457  458  459  460  461 vibration amplitude is small, the inner side vortex directly coalesces with the free-stream side vortex shed from the other cylinder, see Figure 4 (bii). In the downstream, the wake becomes similar to that in Figure 4 (bi). Shown in Figure 4 (biii) is the displacement time history. Clearly, the two curves collapse, indicating a perfect phase alignment. 
Biased anti-phase synchronized pattern
This BAS pattern is observed in a small region of 3.9-4.0 < Ur < 4.5-4.8 and 2.3 < s/D < 2.5, as shown in Figure 2 . In the range of 4.3-4.4 < Ur < 4.5-4.8, the wake hysteresis exists in the BAS/IS region, i.e. the wake pattern is BAS or IS depending on either increasing or decreasing Ur. As depicted in Figure 5 (a), vortices shed from the inner-side shear layers stably deflect towards the upper cylinder, which results in a narrow-wide wake pattern. The cylinder with the narrower wake has a larger vibration amplitude, drag and lift forces, as shown in Figure 5 462  463  464  465  466  467  468  469  470  471  472  473  474  475  476  477  478  479  480  481  482  483  484  485  486  487  488  489  490  491  492  493  494  495  496  497  498  499  500  501  502  503  504  505  506  507  508  509  510  511  512  513  514  515  516  517  518  519  520  521 upper cylinder. The earlier-shed vortex has more a space to transversely expand and pushes the subsequent-born vortex, giving rise to an upward biased gap flow. Nevertheless, vortices shed from the gap side decay faster than those in the free-stream side, completely damping out in the far-wake region. 
In-phase flip-flopping pattern
This IFF pattern exists in a small region of 0 < Ur < 2.7-2.9 and 2.0 < s/D < 2.3 and a narrow stripe at Ur = 3.0 with 2.5 < s/D < 3.5, as shown in Figure 2 . In these regions, the cylinders respond with small vibration amplitudes, as shown in Figure 3 .
A flip-flopping vortex shedding is the most interesting phenomenon in VIV since it reflects a strong but unstable flow interference between two side-by-side cylinders. Kang (2003) found that the wake behind two side-by-side stationary cylinders has different widths. The vortex-shedding frequency and the drag on the cylinder with a narrow wake are larger than those on the cylinder with a wider wake. This narrow-wide wake flips over after several vortex-shedding periods.
However, it is difficult to recognize the narrow-wide wake in VIV cases with vibrating cylinders due to the swinging gap flow (Chen et al. 2015a) . Nonetheless, it reveals that the vortex formation length of one cylinder is obviously longer than the other one, with the flip-over action of this shortlong wake pattern happening quasi-periodically. 522  523  524  525  526  527  528  529  530  531  532  533  534  535  536  537  538  539  540  541  542  543  544  545  546  547  548  549  550  551  552  553  554  555  556  557  558  559  560  561  562  563  564  565  566  567  568  569  570  571  572  573  574  575  576  577  578  579  580  581 Vortex B, which are shed in the previous half cycle from the free-stream side of the upper cylinder and the gap side of the lower cylinder, respectively, do not merge at all. This can be attributed to the fact that the gap side shear layer of the lower cylinder is shorter, which makes the easier coalescence of Vortex A and Vortex B'. On the contrary, the longer gap side shear layer of the upper cylinder separates Vortex A' and Vortex B from each other, preventing the amalgamation of vortices. 582  583  584  585  586  587  588  589  590  591  592  593  594  595  596  597  598  599  600  601  602  603  604  605  606  607  608  609  610  611  612  613  614  615  616  617  618  619  620  621  622  623  624  625  626  627  628  629  630  631  632  633  634  635  636  637  638  639  640  641 Although FFT spectral plots show overall frequency features averaged in a long time, they might not capture a temporal variation of frequencies. To understand this aspect, the Wavelet Transform (WT), time and frequency localized, has been extensively used by many researchers (Alam et al., 2003; Alam and Sakamoto, 2005; Zhao et al., 2012; Chen et al., 2015a, b) . In this paper, WT of fluid forces and displacement is carried out by adopting the most commonly used complex-valued Morlet wavelet. The non-dimensional frequency was set as 6 to avoid using the correction terms (Farge, 1992) . A set of discrete scales, which are evenly distributed in the frequency range obtained in the FFT analysis, were adopted.
A real part of WT is shown in Figure 
Out-of-phase flip-flopping pattern
This OFF pattern appears within the region 5.0 < Ur < 8.0 and 2.0 < s/D < 2.6, as shown in Figure 2 . The proximity interference predominates due to a small s/D and large vibration amplitude. times that of the displacement, which is attributed to the double vortex shedding of the inner shear layers. In addition to the dominant frequencies, the drag and lift spectra also show other peaks. The peak at fd = 0.210 in the drag spectrum and the peak at fl = 0.285 in the lift spectrum reflect the interinfluence of drag and lift forces. The peaks at fd (fl) = 0.068 and 0.075 are beating-type frequencies.
Moreover, the drag also contains a displacement frequency component at fd = 0.143, manifesting the FSI effect. In contrast to the multiple-peak spectra of drag and lift, the spectrum of the displacement only shows one significant peak with small neighboring spikes.
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Long period flip-flopping pattern
This LFF pattern exists in a long stripe with s/D > 3.0 and 3.6 < Ur < 4.0 where the vibration amplitude increases. As shown in Figure 2 , LFF pattern is adjacent to the irregular (IR) pattern. A gradual transition between these two patterns is observed and the border is not clearly defined. Figure 11 (Le Gal et al., 1994; Peschard and Le Gal, 1996) . Hence, the FF period decreases.
Shown in
Irregular pattern
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Hybrid pattern
Combining several wake characteristics, this HB pattern is observed in the range of s/D < 2.6.
